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ABSTRACT

This paper investigates a downlink cooperative non-orthogonal multiple access (NOMA) system assisted by a
multi-antenna amplify-and-forward (AF) relay. Unlike conventional single-antenna relay configurations, the
considered framework jointly exploits relay diversity and direct transmission links between the base station (BS)
and users. Under independent Nakagami-k fading channels, closed-form expressions for the outage probability
(OP) and ergodic capacity (EC) of both users are derived for scenarios with and without direct BS-user links. The
analytical formulation explicitly captures the effects of the number of relay antennas, fading severity and power
allocation coefficients on system performance. For the ergodic capacity analysis, an exact integral representation
combined with a Gaussian-Chebyshev quadrature approach is developed to efficiently evaluate the performance
under the max-SINR selection criterion. The analytical results are verified through Monte-Carlo simulations and
compared with orthogonal multiple access (OMA) benchmarks. Numerical results demonstrate that increasing the
number of relay antennas significantly improves reliability due to enhanced spatial diversity. Moreover, the
NOMA scheme achieves superior outage performance for the far user compared with OMA, while the ergodic
capacity of the near user exhibits a pronounced gain in the moderate-to-high SNR regime. These findings confirm
the effectiveness of multi-antenna cooperative relaying in improving both reliability and spectral efficiency.
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1. INTRODUCTION

Driven by the stringent requirements of next-generation wireless networks, non-orthogonal multiple
access (NOMA) has emerged as a promising multiple access technique for fifth-generation (5G) and
beyond systems [1]-[2]. In NOMA, multiple users are multiplexed in the power domain, where users
experiencing poor channel conditions are allocated higher transmit power to guarantee fairness [3]. At
the transmitter, superposition coding is employed to combine users' signals, while successive
interference cancellation (SIC) is performed at the receivers to extract the desired information [4].
Owing to its flexible architecture, NOMA has also been extended to various emerging communication
paradigms, including wireless-powered relaying and secure transmission frameworks [5].

To further enhance coverage and transmission reliability, cooperative NOMA (CNOMA) has been
proposed, where relay nodes assist users with unfavorable channel conditions by forwarding the
superimposed signals from the base station (BS) [6]-[7]. Relay-assisted transmission is particularly
beneficial when the direct link between the BS and the far user suffers from severe path loss or
shadowing effects. By introducing cooperative diversity, CNOMA systems can significantly improve
reliability compared with non-cooperative NOMA architectures.

In recent years, the integration of NOMA with advanced enabling technologies has attracted increasing
attention. For instance, the combination of NOMA and reconfigurable intelligent surfaces (RISs) has
been investigated to improve physical layer security and reliability [8]. Active RIS-assisted dual-hop
NOMA systems over Nakagami-x fading channels were analyzed in [9], where closed-form outage
and intercept probability expressions were derived to characterize both reliability and secrecy
performance. Furthermore, R1S-assisted short-packet NOMA systems were studied in [10], highlighting
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the impact of finite block-length transmission on secure communication. Beyond infrastructure-based
scenarios, RIS-enabled device-to-device (D2D) NOMA frameworks with imperfect SIC were examined
in [11], while partial NOMA-assisted backscatter communication systems were investigated in [12] to
improve energy efficiency and spectrum utilization. These studies demonstrate the versatility of NOMA
when combined with relay technologies, RIS, D2D communication and energy-efficient transmission
mechanisms. More recently, several studies have further extended NOMA frameworks toward more
practical and performance-oriented communication scenarios. For instance, short-packet NOMA
systems have been investigated to support ultra-reliable low-latency communication (URLLC), where
the interplay among latency, reliability and secrecy becomes critical under finite blocklength regimes
[13]. In parallel, the integration of UAV-assisted communications with SWIPT has been explored to
enhance system flexibility and energy efficiency, where joint optimization of power allocation, energy
harvesting and UAV deployment plays a key role in improving overall network performance [14].
Moreover, active RIS-enhanced NOMA architectures have been proposed to dynamically reconfigure
the wireless propagation environment, enabling both signal amplification and phase adaptation, thereby
significantly improving outage performance, throughput and energy efficiency compared with
conventional passive designs [15]. In addition, the incorporation of physical layer security and multi-
antenna diversity techniques has been shown to effectively enhance robustness against fading and
eavesdropping, providing improved secrecy performance in wireless communication systems [16].

These recent developments highlight a clear trend toward more realistic and performance-driven NOMA
system designs. However, despite these advances, many existing works focus on integrating specific
technologies rather than providing a unified analytical characterization that jointly captures multiple
system components.

Despite these advancements, relay-assisted CNOMA systems remain a fundamental and practically
relevant architecture due to their deployment simplicity and compatibility with existing networks. Early
investigations primarily focused on single-antenna relay configurations [17]-[20], which are attractive
for their low hardware complexity. However, single-antenna relays offer limited spatial diversity and
interference-suppression capability, leading to performance degradation compared with multi-antenna
counterparts [21]-[22]. By contrast, multi-antenna relays can exploit spatial diversity and array gain to
significantly enhance transmission reliability and system robustness [23].

In addition to advanced technologies, such as RIS-assisted transmission and DF relaying, amplify-and
forward (AF) relay architectures remain highly relevant due to their lower implementation complexity
and analytical tractability. In particular, AF relaying avoids signal decoding at the relay, making it
suitable for latency-sensitive and resource-constrained systems.

Therefore, the considered multi-antenna AF relay model serves as a canonical and analytically tractable
framework for performance evaluation in cooperative NOMA systems. It enables a clear isolation of the
gains introduced by cooperative relaying and spatial diversity, thereby providing a meaningful reference
for comparison with more advanced, but structurally different, architectures.

Motivated by these benefits, multi-antenna relay-assisted CNOMA systems have been extensively
studied under various configurations. A two-user CNOMA system employing a multi-antenna decode-
and-forward (DF) relay was analyzed in [24], where outage probability and diversity order were derived
in closed form. In [22], a multi-antenna two-way DF relay was considered to improve reliability. The
impact of multi-antenna AF/DF relays on secrecy performance was examined in [25], revealing that
increasing the number of antennas may introduce complex trade-offs between diversity and information
leakage. Multi-antenna downlink NOMA systems were also investigated in [26], where power allocation
and feedback overhead were jointly optimized.

Additionally, antenna-and-relay selection strategies were explored in [27]-[28] to reduce
implementation complexity while maintaining diversity gains. More recently, full-duplex multi-antenna
relaying has been incorporated into CNOMA systems to further enhance spectral efficiency [29]-[30].

Despite the extensive body of work on cooperative and RIS-assisted NOMA systems, existing studies
have primarily focused on either decode-and-forward (DF) relaying strategies or RIS-enabled
transmission frameworks. Recent works have also considered AF relay-assisted NOMA systems under
different design objectives. For instance, the study in [31] investigates an AF relay-aided coordinated
direct and relay transmission protocol to enhance energy efficiency and throughput in loT networks
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under imperfect SIC. Meanwhile, the work in [32] focuses on an AF MIMO two-way relay-assisted
cognitive radio NOMA system with SWIPT, where secrecy performance is optimized via joint
beamforming and power allocation.

In particular, multi-antenna DF relay-assisted NOMA works mainly emphasize outage performance,
relay/antenna selection and diversity analysis under specific protocol settings [22], [24], while RIS-
assisted NOMA approaches typically focus on beamforming design, achievable rate enhancement,
SWIPT integration or secure transmission [8][9][10][11][12]. Compared with these studies, existing AF
relay-based works are largely oriented toward protocol design or optimization objectives and
comprehensive analytical characterizations remain limited.

However, to the best of our knowledge, the joint impact of multi-antenna amplify-and-forward (AF)
relaying and direct transmission links on both reliability and spectral efficiency has not been fully
characterized in a unified analytical framework. Most existing studies consider either relay-assisted
transmission or direct links in isolation, which may not accurately reflect practical deployment
scenarios.

To bridge this gap, this paper develops an analytically tractable model for a multi-antenna AF relay
assisted NOMA system with MRC/MRT processing, where both direct BS-user links and relay-assisted
links are jointly considered. Based on this unified framework, closed-form expressions for outage
probability and tractable formulations for ergodic capacity are derived over Nakagami-x fading
channels, enabling a comprehensive characterization of both reliability and spectral efficiency.

The main contributions of this paper are summarized as follows:

e A cooperative NOMA system assisted by a multi-antenna AF relay is formulated, where both
direct and relay-assisted transmission links are considered.

e Closed-form analytical expressions for the outage probability and ergodic capacity are derived
over Nakagami-x fading channels and verified via Monte-Carlo simulations.

e A comparative analysis is provided by considering OMA and NOMA transmission scenarios
with and without direct links and different relay-antenna configurations. These baselines are
selected to isolate the performance gains contributed by power-domain multiplexing, relay-
assisted transmission and spatial diversity in a unified analytical framework.

e The impacts of transmit signal-to-noise ratio (SNR) and the number of relay antennas on system
performance are thoroughly investigated, offering useful insights for practical system design.

Notation: Vectors are denoted by boldface letters, e.g., x. The Frobenius norm is represented by || - ||
and (-)T and (-)¥ denote the transpose and Hermitian transpose, respectively.

2. SYSTEM ARCHITECTURE AND SIGNAL MODEL

\
(. i 4(@)

gAF’D2 Relay

D,
Figure 1. lllustration of the proposed cooperative NOMA architecture.

Source

This section details the system architecture for a downlink cooperative non-orthogonal multiple access
(NOMA) network. The layout comprises a single-antenna Source (S) communicating with a pair of
single-antenna destinations, labeled as D; and D,. This transmission is facilitated by a half-duplex
amplify-and-forward (AF) relay node equipped with an array of K antennas, as depicted in Fig. 1. We
assume that all communication links experience mutually independent Nakagami- x fading. This
channel model is adopted due to its flexibility in characterizing a wide range of fading environments,
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including the standard Rayleigh fading case as a special scenario. Correspondingly, the channel power
gains follow a Gamma distribution, uniquely defined by the severity parameter x and the average
channel gain A. Additive white Gaussian noise (AWGN) with zero mean and variance o2 is assumed to
impair all receiving nodes.

Let gsar € CX*1 represent the channel vector spanning from the Source to the K-antenna relay, while
8arp, € CX*! denotes the link between the relay and destination D; (i € {1,2}). The direct line-of-sight
(or non-line-of-sight) channel from the Source to D; is defined by gs p, € C. Given the Nakagami- k

environment, the respective channel power gains, defined as |95,Dz|2' ||gS,AF||i and ”gAF'Di”i" adhere

to Gamma distributions. These are parameterized by shape parameters kp,, kar and k4rp,, alongside
scale parameters (average powers) Ap,, Aar and Aarp,. The noise entities at the relay and users are
standard independent complex Gaussian variables, represented by wyp, wp, ~ CN° (0,02).

During the primary transmission stage, the Source broadcasts a combined signal using superposition
coding, encompassing two distinct messages s; and s, associated with the users. Assuming normalized
symbol energies E[|s;|?] = E[|s,|?] = 1, the broadcast signal is formed as:

2
Stx = Z /aszs]-, (D
j=1

where a4 and a, act as the NOMA power allocation factors. To uphold the core NOMA methodology,
these coefficients satisfy a, > a; and a; + a, = 1. Consequently, the signal observed at destination D;
is formulated as:

rDi = gS,DiStx + WDiri € {1,2} (2)
At the AF relay side, a maximum ratio combining (MRC) technique is leveraged. The corresponding
receive weight vector is given by:

H
uH _  8saF
Wyr =

”gS,AF”F

Therefore, the aggregated baseband signal arriving at the relay takes the form:
TAF = W4 8s,aFStx + War. 3)

In the subsequent orthogonal phase, the relay scales and forwards its observed signal as s,z = B74F-
Here, the variable 8 denotes the relay amplification factor, strictly chosen to obey the relay's transmit
power limit P4r. This factor is computed as:

P
B= . @
PS”gS,AF”F to

It is important to note that the adopted amplification factor corresponds to a variable-gain AF relaying
scheme, where the relay gain dynamically adapts to the instantaneous channel state information (CSI)
of the source-to-relay link. Compared with fixed-gain AF relaying, this approach effectively mitigates
noise amplification and provides better performance in many practical scenarios. Therefore, the adopted
model reflects a more realistic relaying operation while preserving the analytical tractability of the
derived expressions.

For analytical convenience throughout this work, we presume uniform transmit power across the Source
and the relay ( P4r = Ps = P).

At the relay, maximum ratio combining (MRC) is first applied to the received signal to maximize the
received SNR across relay antennas. The combined signal is then amplified and forwarded using
maximum ratio transmission (MRT), where the transmit beamforming vector is aligned with the
corresponding relay-to-destination channel to enhance the end-to-end link quality.

It is important to note that the relay forwards the amplified version of the superimposed NOMA signal,
i.e., the composite signal containing both s; and s, without performing signal separation or decoding.
Therefore, the NOMA superposition structure is preserved across both the direct and relay-assisted links
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and the separation of user signals is performed only at the receivers via successive interference
cancellation (SIC).

For notational convenience, the MRT beamforming vector is expressed with respect to each destination
link as f;, although the relay forwards the same composite signal without performing user-specific
precoding.

Accordingly, no explicit multi-user precoding is performed at the relay and MRT is solely used to align
the transmitted composite signal with the corresponding relay-to-destination channel, thereby enhancing

the effective received SNR.

8A4F,D;

f; ,i € {1,2} (5)

lgarn I F
From a practical implementation perspective, the adopted MRC/MRT processing exploits all available
relay antennas to enhance the array and diversity gains. Compared with simpler antenna selection or
selection combining (SC) schemes, MRC/MRT requires the channel state information (CSI) of all relay
antenna branches and the computation of receive/transmit weighting vectors, resulting in a higher
processing burden as the number of relay antennas K increases. However, this complexity remains
moderate, since only linear combining and beamforming operations are involved. In contrast, SC
provides a lower-complexity alternative by selecting the strongest branch, at the expense of reduced
spatial diversity gain. Therefore, MRC/MRT is adopted in this work to fully characterize the reliability
and spectral-efficiency benefits of multi-antenna AF relaying.

Consequently, the forwarded signal captured by D; from the relay node is given by:
TAF,D; = ggF,Di fisar + warp, i € {1,2}. (6)
To streamline the subsequent evaluations, we define the baseline transmit signal-to-noise ratio (SNR)
. . 2 2 2
asy = %. Let us introduce the random variables W; = |gsp,|",V = [|gsar|,. and Qi = [|garp,[|, to

capture the channel power gains of the links S — D;,S - AF and AF — D;. Accordingly, the
instantaneous SNRs over these respective paths are yW;, 7V and 7 Q;.

Due to the NOMA protocol, user D, considers the message s; as ambient noise. Thus, the instantaneous
SINR at D, in the first phase is:
ayW,
D, =~ (7)
al)/Wz +1

Conversely, user D; first detects s, to perform successive interference cancellation (SIC). For analytical
tractability, ideal SIC is assumed in this work, as commonly adopted in the literature to enable closed-
form performance analysis. The SINR at D, for extracting s, is formulated as:

Sy _ ayWh
Dy 0(1]7W1 +1

Accordingly, after successful interference cancellation, the remaining SNR for user D; to detect its
intended message s, simplifies to:

(8)

Ip, = a1 yWs. )

To account for practical imperfections, in realistic implementations, successive interference cancellation
(SIC) may be imperfect due to channel-estimation errors, hardware limitations or residual interference.
This effect can be modeled by introducing a residual interference factor p € [0,1], where p =0
corresponds to ideal SIC and larger values of p indicate more severe residual interference.

In the presence of imperfect SIC, the effective SINR for the near user would be degraded due to the
residual interference from the imperfect cancellation of s,, leading to a higher outage probability and a
reduction in ergodic capacity. Nevertheless, the overall performance trends with respect to key system
parameters (e.g., the transmit SNR, the number of relay antennas K and the power allocation factors)
remain consistent with those observed under the ideal SIC assumption.

Therefore, the ideal SIC assumption adopted in this work provides a useful analytical benchmark, while
the above discussion offers practical insights into the impact of SIC imperfections without affecting the
generality of the derived results. Regarding CSI, perfect channel knowledge is assumed in the analytical
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derivations to maintain closed-form tractability. In practical systems, channel-estimation errors may lead
to imperfect CSI and consequently perturb the effective channel gains used in the SINR expressions.
Such uncertainty can be incorporated by modeling the estimated channel as the sum of the true channel
and an estimation error term, e.g., § = g + e, where e denotes the estimation error. This extension
mainly modifies the effective channel statistics and SINR expressions, while the overall analytical
framework remains applicable. A full closed-form treatment under imperfect CSl is left for future work
due to the substantially increased analytical complexity. In particular, imperfect CSI typically reduces
the effective channel gain and introduces additional uncertainty in the SINR expressions, leading to a
performance degradation in both outage probability and ergodic capacity. Moving to the second phase,
incorporating the amplification scalar and the MRT scheme, the end-to-end SINR at D, to retrieve s,
via the relay path is calculated by:
F:IZ:D _ a7V Q, .
P2 PV + YV + 70+ 1

Similarly, focusing on the AF — D; cascade, the SINR at D, for the initial detection of s, and the
subsequent SNR to decode its own data s;, are represented, respectively, as:

(10)

=2
azy Vo,
2 = ) 11
A0 G+ U+ 70+ 1 an
=2
Y VQy
kL =—— 12
AF,Dq )7V+]7Q1 + 1 ( )

Operating under a selection combining (SC) strategy, the ultimate effective SINRs available at
destinations D, and D, are written as:
re/’ = max(Tp,, T2, ) 13
D, max\1p,,! 4 p, )s (13a)

Fg{f = maX(FDl,Fj;-'Dl). (13b)

Although identical noise variance and representative large-scale fading parameters are adopted for
clarity in the numerical evaluation, the proposed analytical framework remains sufficiently general to
accommodate more realistic scenarios. In particular, heterogeneous settings with unequal path-loss and
noise power across different links can be readily incorporated by appropriately adjusting the
corresponding channel statistics. Therefore, such generalizations do not alter the fundamental structure
of the derived expressions or the main performance insights.

3. PERFORMANCE METRICS ANALYSIS

3.1 Outage-probability Analysis

Given the nature of half-duplex relay networks, an entire communication cycle demands two orthogonal
time slots. To guarantee specific quality-of-service (QoS) demands, the target SINR bounds for our
nodes are mapped as:

Tthi = 22Ri—1,i € {1,23,

where R; indicates the pre-defined spectral efficiency threshold for D;.

3.1.1 Outage Probability for Node D,

Drawing upon standard literature [34]-[35], the cumulative distribution functions (CDFs) dictating the
behavior of random variables W;,V and Q; are documented as:

‘i~ U AU
Fy,(x) =1 — e "Pi* Z %,ieﬂ,z} (14a)
=0 Kapk-1
Fy(x) = 1 — e~Marx Z % (14b)
Fo,(x) = 1 — e 14FD* z W,ie{m} (140)

u=0
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The related probability density functions (PDFs) follow the shapes below:

Kp;
Np, .
fir, (1) = b x" P e IO € (1,2} (15a)
F(KDi)
T]KAFK
frx) = 7F(::F X e arx (15b)
Kap,p; K
fQi (x) = &x"AF,DiK—le—VIAF,Dix,i €{1,2} (15¢)
F(KAF,DiK)
Here, the constants are 7p, = ~2,nar = 42 and 4 p, = ~21,
L Ap; AaF Ut AaFp;

The outage likelihood for user D, evaluates the probability that its effective SINR falls short of the target
Tth-
0, = Pr(I57 < 1,) = Pr(max(Ip,, I, ) < Ten)

= Pr(Ip, < T¢n) Pr(l‘j,%_Dz < Ten) (16)
W, v,

The exact closed-form metric for D, 's outage probability is derived as:

Kp,—1 kapK—1 y Karp,K-1
or=(1meme 3 BENL ST SIS ey
2 = - 0 - .

u=0 u: v=0 j=0 1=0 J :

n8p (9% + 97 1) J 9~ (karp, K+v=j=1=1) g =09(narp, +1ar)
X

V! T(Kapp, K)
1-j+1

2
> XKi—j+1 (2\/77AF77AF,D2 (% + 19]7_1)) 17)

K ar,p, K <TIAF(192 +9771)

AF.,D
z 1 AF,D,

with the condition threshold defined as:
g Tt
)7(052 — oy Tep)

Proof 1. Refer to Appendix A.

3.1.2 Outage Probability for Node D,

By a similar logic, D; 's probability of communication failure is deduced as:
01 = Pr(Tp/ < 14) = Pr(max(Tp,, Tikp, ) < Ten) (18)
Exploiting the statistical independence between the direct and relayed routes, we decompose the formula
into:
01 = Pr(I'p, < T¢tn) Pr(rj;vlp1 < Ttn) (19)

=

2q o

Computation of

Reflecting on I'p, = a; yW;, the failure state translates to:
. Tth
Wi < ¢, where we substitute ¢ = ——
ay
Thus, the first term evaluates to:

ICDl—l

- - b, P*
B = Fuy () = 1—eu? ) IBE (20)
u=0 ’
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Computation of E
Referring back to (12), the boundary Fj;,Dl < 14y, algebraically shifts to:

VO <¢p(V+Q+771)
A minor rearrangement isolates:

V< dp@ +7

, under the premise Q; > ¢.

Qi—¢
As such, we formulate the probability integral:
- PG +77)
%) —1——[ le(y) [1—FV (ﬁ dy (21)

Inserting the predefined mathematical distributions into (21) results in:

K'AFK—l KAF,DlK

- Z NaFD, Mar
5, =1- _ARD, AP
p=0 !F(KAFD K)

o ¢(r+7~") 7~ \°
y j AR K g Map 0, T 5= <M> dy (22)
s y—¢

Deploying variable substitution z = y — ¢ (thus = z + ¢ ), the equation morphs into:

KapK-1 KAF,DlKnZFe_(p(nAF'Dl +74F)

z NaF,p,
2 =1-—
p' F(KAF,DlK)

p=0
ard(p+771 2 7~ 1\?
_%Gﬂcp +Z¢y ) i

[1]

xj (z + ¢p)arp.K=1gNarp %o (23)
0

By utilizing the standard integral tables from ([33], Eq. (1.111), (3.471.9)), the integration can be entirely
resolved. Skipping tedious algebra, the explicit closed-form result is:

KaopK-1 KAFDlK 1

DG Eeray

®aF,01K ,—p(n4rp, +1aF
nAFnAFDl e ( 1+ 7ar)

(¢2 + ¢]7—1)W¢KAF‘D1K+I)—W—I—1

!F(KAF,DlK)
2 +¢——1) Z_WTH
X (WAF (¢ ! ) Ki-w+1 (2\/’7AFTIAF,D1 (@%+ (W_l))' @9
NaF,p,

Ultimately, aggregating (20) and (24) into (19) yields the final outage equation for D;.

3.1.3 High-SNR and Feasibility Insights

The derived outage expressions also provide useful insights into the high-SNR behavior and feasibility

of the considered NOMA transmission. From the threshold variable 9 = ﬁ‘c‘”) it is clear that
27 %1th

successful decoding of the far-user signal requires the feasibility condition a, > a; T¢p.

Equivalently, since a; + a, = 1, this condition can be written as a, > 7y, /(1 + T4, ). If this condition
is not satisfied, the required SINR threshold cannot be achieved even when the transmit SNR becomes
large, which leads to an unavoidable outage floor for the far-user stream.

For the near user, the decoding of its own signal after successful SIC requires a; > 0, while the prior
decoding of the far-user message at D; follows the same feasibility condition a, > a4 7¢,. Therefore,
the power-allocation coefficients and target SINR threshold must be jointly selected to ensure
meaningful outage performance for both users.
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In the high-SNR regime, the outage probability generally follows the form 0; o« 7%, where d; denotes
the diversity order. Based on the small-argument behavior of the Gamma-distributed channel gains, the
direct link contributes a diversity term governed by kp,, whereas the relay-assisted path is mainly
governed by the weaker hop between the S — AF and AF — D; links, i.e., approximately
min(chFK, KAF,DL-K)- Hence, under selection combining with both direct and relay-assisted links, the
effective diversity order can be interpreted as:

di =~ KDi + min(KAFK, KAF,DiK)'

This observation explains why increasing the number of relay antennas K steepens the outage curves in
the high-SNR region. Under the common fading-severity setting used in the simulations, this diversity
gain increases approximately linearly with K, which is consistent with the trends observed in Figs. 2-3.

3.2 Ergodic-capacity Evaluation

We commence by formalizing the ergodic capacity function for the far node (D) :

1 1
Cp, = IE{E logz(1+ r[;’ff)} = [E{E log, (1 + max(rDZ,rj;,Dz))}. (25)
The analytical closed-form representation of D, 's capacity is resolved as:
K'DZ -1
1 7702 21 Np, 1—-u—1,-—
Cp, = CY roammy
P 22| 4 “(a, + al)“ “\y(a+ )l 1—u—-1,0

, *arK=1 v KarD,K-1 p

a_:z_lo)] SIS ()

Jj1=0  jp=0

1 b
__G2,1 2
apf <y‘ai‘

K
Kapp K —1 ﬂAﬁfv[‘,'szZF ’1 - Q3 T
x( 2 ) sec? Z(Qd+1)

jZ U!F(KAF,DZK)

1 1 .
* <Y(Qd) + ((Zz + a) 1 Y(Q) + a1—1> 0(Qq)

Y(Qd) 7]1) Y(ﬂd)u <Y(Qd)>KAF,D2K+V_j1_j2_1
x|1-e 2 —
Y

Jo—Jpt+1

> i sz—j1+1<2JWAFUAF,DZO(Qd)> (26)

Y(Qd)(nAFD2+nAF) T’AF@(Qd)
X e v <4

NAF,D,

where the roots for the Gaussian-Chebyshev approximation are:
2d —1

Qd=cos< n),d=1,...,D

and the auxiliary variables stand for:

T(Qg + 1) Y(Qq)
%), @(Qd) = _Zd

Y(Qu) = tan(
Proof 3. Refer to Appendix B for full derivations.

Progressing to the near node, the average capacity for D, is captured by:

1 1
Cp, =E {E log,(1+ Fg{f)} = E{E log,(1+ maX(FDl, Fj},_Dl))}

Uvar

1 *® 1
=om 2]0 m[l — Fy,, O)]dy (27)
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The distribution function (CDF) of U,,, is expanded mathematically as:

Fy,, ) = Pr(max(FDl, :FDl) < y)

- Kp, -1 KapK—1 Kaf,p K-1
_Ibg
S EEH i
t!(a
= (1)’)
Karp, K (77AFD1+7IAF)

<KAFD K- 1) NaFD, nhre ¥

: p'T (KAF,D1K) (ayy + ]7_1)
l-w+1

by, )
w[1- e z h,Y" ( Nar (L_+y——1)y)
t' (7))t | \Narp, a7 \a7

KAF,D K+p—l—1 n n
x(L_) ' Kicwsa | 2 [ (L_+)7‘1>y (28)
a1y ary ay

Applying (28) into (27), we partition Cp_ into two sub-integrals:

1
CD1 = m Usub1 + Tsup2) (29)
where the first piece acts as:

KD1—1 _nD]

Ly
no, (T y'e Y
Lot = Z L d 30
sub1l & t' ((Zl]?)t o 1 +y y ( )

Translating this through Meijer-G function properties yields:

Dy t
E ;D 2,1 ;El
[ — 1 G ) (
sub1l ’! ( —)t ,2 —y

Correspondingly, the second integral segment I, emerges as:

1—t—1,—>

1-t-1,0 (31)

KapK—-1 Karp,K-1

K K
DIl Rt
SubZ l p' F(KAF‘Dl K)
N A T
o 1+y i th(ay)t [\ay
l-w+1

y KAF,D1K+p_l_1 nAF y 1 2
X\~ —try )y
ay Nar,p, \01Y

+ y _
X e aly(nAFD1 nAF)Kl_W+1 2\/77AFT]AF,D1 (—a ]7+)/_1)y dy (32)
1

Adopting the Gaussian-Chebyshev node methodology to bypass intractability, Ig,;»> closely
approximates to:

, KarK=1 D Kapp K=1 | Karp, K

P
I z z z P) (KAF D, K ) Narp, MaF
sub2 = 2] £ W p! F(KAF,DI K)

j=1
1—y2 it
J 2y
xY " [ 1= ¢ m,E(x)) b, =\X5). (X])
1+Y(x)) L t!
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X sec? (% (Y()(j) + 1)) (E(Xj) + ]7_1)We_E(Xj)(7)AF,D1+7]AF)

I-w+1

o/ \Karp K+p—1-1 (MaplI(W)) 2
x E(x;) AFD1 <—T)AFD Ki—w+s1 (2 /nAFnAF,Dln(W)) (33)
Dy

. . 2j—-1 +1 —
in which y; = cos (]2—]1'[) ,Y(x) = tan (n(xT)),.:(x) ==
7~1). Combining these solves Cp, fully.

and the term I(x) = Z(x)(E(x) +

4. SIMULATION RESULTS

Within this section, we validate the derived analytical models through extensive numerical simulations.
For simplicity across all evaluation scenarios, we assume a uniform fading severity environment by
configuring the shape parameter as k = kp, = kp, = Kar = Kar,p, = KaF,D,-

For clarity, this assumption is adopted to highlight the impact of key system parameters, such as the
transmit SNR and the number of relay antennas. Nevertheless, in practical wireless environments,
different communication links may experience heterogeneous fading conditions due to varying
propagation characteristics (e.g., line-of-sight and non-line-of-sight components). It is important to
emphasize that the proposed analytical framework does not rely on the assumption of identical fading
parameters and the derived expressions remain valid when each link is characterized by a distinct
Nakagami fading severity parameter k. The use of a common x value is therefore mainly for clarity and
fair comparison purposes, while extending the analysis to heterogeneous fading scenarios is
straightforward and left for future work.

The fundamental configuration metrics utilized for our network evaluation are summarized in Table 1.
Furthermore, to guarantee a highly accurate evaluation of the integral approximations, the complexity
terms for the Gauss-Chebyshev quadrature are fixed at D = J = 100.

Table 1. Summary of baseline simulation parameters.

Parameter Description Notation | Assigned Value(s)
NOMA power allocation factors {ay,a,} 1{0.1,0.9}

Nakagami fading-severity index K 2
Target SINR threshold Tin 2 (dB)
Number of antennas at the AF relay | K {1,2,3}

{ADli/lDz} {111}
Average channel-scale parameters

AAF,Dl 0.5

Aar p, 0.9

We have verified that increasing the quadrature orders beyond these values (e.g., ,J = 80,100,120 )
results in negligible changes in the numerical results, thereby confirming the convergence behavior and
accuracy of the adopted approximation. Specifically, the numerical computation of the ergodic capacity
expressions requires O(D) and O(J) operations for the corresponding quadrature sums, while the
remaining finite summations depend on the fading parameters and the number of relay antennas.
Therefore, the proposed analytical evaluation remains computationally efficient and avoids the
excessive runtime required by large-scale Monte-Carlo simulations. Specifically, the overall complexity
scales linearly with the quadrature orders, i.e., O(D) or O(D +J) depending on the considered
expressions.

Since the adopted quadrature orders are moderate (e.g., ,/ = 100 ), the resulting computational burden
remains low and tractable. Compared with conventional Monte-Carlo simulations, which typically
require a large number of channel realizations to achieve statistical accuracy, the proposed analytical
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approach significantly reduces computational cost while maintaining high accuracy. Therefore, the
adopted approximation method provides an efficient and practical means for performance evaluation.

Fig. 2 depicts the system's outage probability as a function of the transmit SNR, ¥, across varying
antenna-array sizes at the relay, K. Thanks to the core power-domain NOMA allocation rules, the far
destination, D,, inherently experiences superior outage reliability compared to the near destination, D;.
At lower y regimes (between 0 and 10 dB), D, 's outage rate stays practically at 10°, reflecting a state
dominated by noise and inter-user interference. However, as y scales up, a sharp decline in outage
probability is noticeable for both nodes, showcasing a much steeper decay at elevated SNR levels.
Additionally, scaling the relay antenna count from K = 1 to K = 3 drastically mitigates outage events,
verifying that augmented spatial diversity inherently fortifies the overall transmission robustness.

10° 3
® User1 — Sim. |1
User 1 — Ana. | |
1071 ¢ User 2 — Sim. 1
R User 2 — Ana. | ]
- i
b=t
2 102 ]
2 =
Q ]
= ]
F 3
g)ﬂ 10 3
;’; K=3 21
S
107 3
10
0 5 10 15 20 25 30

SNR in dB
Figure 2. Outage probability versus transmitting SNR of two users.

Fig. 3 investigates the influence of the Nakagami fading severity index, x, on the outage probability
against ¥ when the relay is equipped with K = 2 antennas. Similar to previous observations, D,
consistently preserves a lower outage profile than D; regardless of the transmission power. Naturally,
higher y translates to rapid drops in communication failures. Notably, boosting the shape parameter k
causes the performance curves to drop more precipitously, which implies a direct enhancement in the
system's diversity order. Such trends perfectly align with the closed-form mathematics established
earlier, confirming that higher & values-indicative of less destructive fading conditions-yield
substantially better reliability.

10° , -
® User 1 — Sim.
User 1 — Ana.
107k ¢ User 2 — Sim. | |
User 2 — Ana.
= w=1 2.3
% 102 i
e
°
Ll
H 3
o 10
<
+—
3 =320
104k
10 5
0 b 10 15 20 25 30
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Figure 3. The outage probability versus SNR and different values of x, with K = 2.

The impact of the power sharing factor, a,, on the outage behavior is captured in Fig. 4, under a fixed
¥ = 15 dB, k = 2 and assorted K configurations. It is evident that dedicating a larger power fraction to
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D, (increasing a, ) smoothly diminishes its probability of outage. Conversely, this exact increment
starves D; of transmit power, consequently inflating its outage probability. This divergence perfectly
encapsulates the fundamental power-domain compromises essential to NOMA frameworks. As
expected, irrespective of the power split, expanding the relay's antenna array ( K ) continually upgrades
both users' resilience by virtue of amplified spatial diversity gains.

K=12.3

Outage Probability
=

@ User1 — Sim.
User 1 — Ana.
4 User 2 — Sim.
User 2 — Ana. K=321
a2l ; ‘ i} i

0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95
Qo

Figure 4. The outage probability versus a, with ¥ = 15( dB), k = 2 and different values of K.

10-10 -

10

Fig. 5 contrasts the outage outcomes between network topologies that incorporate a direct S — D; link
versus those that strictly rely on the relay, evaluated at 7, = 3 dB and K = 2. Driven by the NOMA
power-allocation hierarchy, D, constantly outshines D; in terms of reliability. Removing the direct
transmission paths noticeably deteriorates the performance for both destinations, underscoring the
critical advantage of leveraging the extra spatial diversity path. Moreover, transitioning the fading
profile from k = 1 to x = 2 yields remarkable reliability upgrades in both topological setups, as milder
fading intrinsically fortifies signal integrity.

User 1, direct link — Ana. (k= 1)

Outage Probability

link — Ana. (x =1)

link — Ana. (x=1)
link — Ana. (x =2) '
link — Ana. (x =2)

(
= = = = User 2, without direct link — Ana. (x

@ Sim ‘ ‘ ‘
0 5 10 15 20 25 ‘ 30

SNR in dB
Figure 5. The outage probability with/without direct link versus 74, = 3( dB), @; = 0.2
and K = 2.

To provide meaningful and controlled baseline comparisons, the simulations evaluate the proposed
NOMA scheme against OMA transmission, relay-assisted scenarios with and without direct links and
different relay antenna configurations. These baselines are carefully selected to isolate the individual
performance gains arising from power-domain multiplexing, cooperative relaying and spatial diversity.
It is worth noting that the considered multi-antenna AF relaying framework serves as a fundamental
benchmark for cooperative communication systems. While more advanced technologies, such as
decode-and-forward relaying, reconfigurable intelligent surfaces and rate-splitting multiple access may
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offer additional performance improvements, their integration typically requires substantially different
system models and optimization strategies. Therefore, such comparisons are left for future work.

A direct reliability comparison between the proposed NOMA strategy and a conventional OMA baseline
is portrayed in Fig. 6. The graphical data confirms that, for both K = 1 and K = 2 setups, the NOMA
paradigm affords D, a noticeably lower outage probability than OMA. On the flip side, the near user
(D1) generally experiences better outage conditions under the OMA scheme than NOMA.. Universally,

elevating y guarantees a swift plunge in the outage curves across all evaluated scenarios.

T T

User 1, OMA — Ana. (K = 2)

User 2, OMA — Ana. (K =2)
User 1, NOMA — Ana. (K = 2)
User 2, NOMA — Ana. (K = 2)
Jser 1, OMA — Ana. (K = 3)
2, OMA — Ana. (K =3)
1, NOMA — Ana. (K =3) |
- User 2, NOMA — Ana. (K = 3)
Sim.

Outage Probability
EREY

o
&

b 10 1‘5 \ 2‘0 25
SNR in dB
Figure 6. Comparison of outage probability between OMA and NOMA versus SNR, with k = 2.

I
0 5

Fig. 7 plots the ergodic capacity trends against y for varied relay antenna array dimensions (K = 2,4,6)
while k = 2. Analyzing the curves, D, 's capacity climbs steadily within the low-to-medium y bracket
(0 —30dB), yetitbegins to hit a ceiling at higher transmission powers. This saturation plateau occurs,
because D, 's throughput is heavily bottlenecked by inter-user interference and the fixed power
allocation of NOMA. D, in stark contrast, enjoys an unabated capacity surge in the high- ¥ regime,
thoroughly capitalizing on SIC mechanisms and amplified signal vigor. Equipping the relay with more
antennas systematically elevates the ergodic capacity bounds for both nodes, thanks to superior spatial
diversity. Nevertheless, for D,, the added value of larger K arrays diminishes at high y, given that the
environment shifts into an interference-limited state.

4
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351 User 1 — Ana.
4 User 2 — Sim.

i User 2 — Ana.

25}

Ergodic Capacity (bit/s/Hz)

0 5 10 15 20 25 30
SNR in dB

Figure 7. The ergodic capacity versus SNR and different values of K, with k = 2.

Finally, Fig. 8 delineates the ergodic capacity as a function of the relay antenna count K when k = 2.
Throughout the evaluations, D, sustains a notably higher capacity output than D,. Expanding K triggers
substantial capacity boosts for D;, a direct byproduct of the pronounced array and diversity gains
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afforded by the multi-antenna relay. For D,, however, the capacity only registers marginal
improvements, effectively plateauing once K surpasses four antennas. This physical constraint aligns
seamlessly with the derived analytical capacity equations, confirming that D, 's upper bounds are
dictated largely by NOMA power thresholds and persisting interference, thus capping the dividends paid
by massive antenna expansions.

26
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>
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0 2 4‘1 6 8 10
K
Figure 8. The ergodic capacity versus K, with k = 2.

Although the analytical results are derived under the ideal SIC assumption, the impact of imperfect SIC
can be interpreted as a degradation in the effective SINR due to residual interference, which results in a
performance loss in terms of outage probability and ergodic capacity. However, the overall trends
observed in the simulations remain unchanged.

5. CONCLUSIONS

This paper has analyzed a downlink cooperative NOMA system assisted by a multi-antenna amplify-
and-forward relay over independent Nakagami- x fading channels, where both direct and relay-assisted
transmission links were considered. Closed-form expressions for the outage probability and ergodic
capacity of both users were derived, providing an exact performance characterization.

The results show that employing multiple relay antennas significantly improves reliability by exploiting
spatial diversity, leading to substantial outage reduction in the high-SNR region. The presence of direct
BS-user links further enhances performance through selection combining. In addition, the proposed
NOMA scheme outperforms OMA in terms of outage performance for the far user while achieving
noticeable ergodic capacity gains at moderate-to-high SNR levels.

These findings confirm the effectiveness of multi-antenna AF relaying in enhancing reliability and
spectral efficiency for cooperative NOMA systems. Future work may further consider more practical
system impairments and asymmetries, including imperfect SIC, heterogeneous noise levels and link-
specific path-loss conditions, to extend the proposed framework toward more realistic deployment
scenarios. Future work may extend the current framework to incorporate more advanced communication
paradigms, such as RIS-assisted transmission, DF relaying strategies and rate-splitting multiple access,
to further enhance system performance under more complex network architectures.

APPENDICES
Appendix A - Proof of Proposition 1

Starting from the outage baseline, D, 's probability of failure decomposes into:

a,yW.
0, =Pr (# <o) Pr(TiE, < Tun). A1)
LA V2
Solving for ¥,
Analyzing the direct interference constraint:
a YW,
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we can isolate the channel gain requirement as:

W, <9,

assuming the boundary condition a, > a1, to prevent infinite thresholding, where:

Ttn
V=0
7(ay — a;7)
This immediately confirms:
KDZ—l u 19u
_ n
W, = F, (9) = 1 — 2" Z e (4.2)
u=0
Solving for ¥,
Recalling the relayed SINR equation, the condition FAS;lDZ < 1y, Is mathematically equivalent to bounding V:
VQ, <IW +Q,+7 7).
Restructuring provides:
9(Q+77")
V < W, QZ > 19.
Integrating over the PDF of Q, grants:
” Sy +77h
Y,=1-[ fo,O0|1-F —— dy (4.3)
9 y

By expanding the probability definitions, ¥, forms into:

KaFK=1  kaFD,

L) o I(y+7~1) ——1\\?
y,=1- Z Mar,p, Tar_ yKarDoK=1g=MNarD,Y o~ TAF T y=9 (M) dy (A.4)
< vIT (i p,K) Jo y—19

Applying a lateral shift z = y — 9, the expression updates to:

_ 1 _ ykapk—-1 TaFp,
LPZ - 1 21;:0

“aF DK 1y ~9(1aF,py*1aF) (9+7~1) v
nYre \D2TTAF, . _nard 94y 924971
A [7 (z + O)<arp2K~1eNarp7 o z (19 +—y) dz.
vIT(kap,p, K) 0

Evaluating the integration parameters using Bessel transformation rules concludes the proof mapping identically to (17).

Appendix B - Proof of Proposition 2

Beginning with the integral definition of capacity for D, :

1 1 (& 1
_riz efM{ = %1 _[ - <—y )]
Cp, = {2 log, (1 + I’ } 21n2f0 Ty P (g 2ay )| (B.1)
Undergoing the variable conversionz = %ay (B.1) translates to:
2741
Cp = — f i ! ! [1-F |a B.2
P27 22}y \z+ (@, +a)t z+a;! Xeomp ()] 42 (B.2)
Linking back to the outage-probability derivations, Ferp (2) incorporates both direct and relayed elements, culminating in:
CDZ =m(A1+AZ) (B 3)
Here, A, handles the un-relayed components:
Kp,—1
u 0 1 1 _Npy.
b= ) YD_Zuf ( —_ _1>z”e 77dz (B.4)
Loyt ), z+(a, +a;) z+aj
Transforming the exponential component using e 2% = G, (bzl5),A, is computed strictly as:
Kp,—1
A = Z b, [ 1 GZ,l( "p, 1—u—1,—)
1 Loulyt (a, +a))* 2 \jla, + a))l 1—u—10
1 Liftp,|1-u—1,—
_0(—¥GL2 ()706? 1—u—10 (B.5)

Meanwhile, A, dictates the relayed capacity segment, eventually resolved through numeric approximation (Gaussian-Chebyshev
boundaries), completing the analysis.
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