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ABSTRACT 

In this paper, we study outage performance of hybrid satellite-terrestrial relay multicast schemes employing 

Fountain codes. In the considered schemes, a satellite attempts to transmit its data to a group of ground users with 

the assistance of a terrestrial relay station. In the conventional scheme (referred to as ConV), the relay station 

forwards each Fountain packet to the ground users using decode-and-forward (DF). In the proposed scheme 

(referred to as ProP), the relay station stores Fountain packets received from the satellite and replaces the satellite 

in transmitting new Fountain packets to the ground users once it has collected a sufficient number of Fountain 

packets for data recovery. We derive exact closed-form expressions of outage probability (OP) at each user and 

system outage probability (SOP) for the ConV and ProP schemes, considering the impact of co-channel 

interference. Computer simulations are realized to validate the derived formulas. Moreover, a joint time and power 

allocation problem is formulated and solved to optimize the SOP performance for the two considered schemes. 

KEYWORDS 

Hybrid satellite-terrestrial relay multicast networks, Fountain codes, Co-channel interference, Outage 

probability, Joint time and power allocation. 

1. INTRODUCTION 

This work considers Hybrid Satellite-Terrestrial Relay (HSTR) schemes, in which terrestrial relays are 

utilized to facilitate communication between satellites and end users on the ground [1]-[3]. By 

integrating these relay stations, the HSTR schemes benefit from improved signal robustness, broader 

service areas, and greater reliability under challenging channel conditions. Such schemes are envisioned 

as a key enabler for next-generation infrastructures, offering high-speed access and minimal latency to 

meet future connectivity requirements. In [2], high-altitude platforms (HAPs) were presented as a 

complementary component to satellite networks within hybrid architectures, offering improved 

efficiency and addressing performance gaps in satellite-driven services, such as data relaying and fleet 

coordination. In [3], the authors proposed adaptive transmission schemes for HSTR networks to improve 

spectral and power efficiency in practical applications. Reference [4] introduced unmanned aerial 

vehicle (UAV)-aided maritime communication networks to enhance coverage and performance, acting 

as a supplementary layer to marine satellites and shore-based terrestrial stations. In [5], a space-air-

ground free-space optical (FSO) network incorporating a high-altitude relay was proposed to enhance 

the reliability of satellite communications. The works in [6]-[10] have focused on system-level 

optimization and design for dynamic satellite-terrestrial integrated networks, including network function 

placement, beam direction control, radio resource allocation, multicast transmission, and fog/edge 

computing architectures, with the objective of enhancing communication performance and quality of 

service. Recent studies, such as [11], have further explored advanced communication-computation co-

design frameworks for integrated satellite and aerial networks. However, these studies mainly address 
system-level aspects rather than physical-layer performance analysis under practical impairments, such 

as co-channel interference. In [12]-[13], the authors evaluated secrecy performance of the HSTR 
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schemes in the presence of eavesdroppers. In addition, Reference [12] examined a scenario involving 

multiple eavesdroppers, while Reference [13] proposed relay selection strategies. The authors of [14] 

investigated the trade-off between intercept probability (IP) at the eavesdropper and outage probability 

(OP) at legitimate receiver for the HSTR models. Furthermore, an effective relay selection mechanism 

was proposed in [14] to improve the IP/OP trade-off under the impact of co-channel interference (CCI). 

Researchers in [15]-[17] investigated the HSTR models operating in cognitive radio (CR) environments, 

where the licensed spectrum owned by primary users can be shared with secondary users, as long as 

operation of secondary users was not harmful to performance of primary users. Another research 

direction involves the use of wirelessly energy harvesting in the HSTR schemes [18]-[19]. Indeed, the 

wireless devices in [18]-[19] have to harvest energy from surrounding radio-frequency signals. In [20]-

[21], full-duplex relay techniques have been investigated in the context of the HSTR schemes, enabling 

simultaneous data transmission and reception at relay nodes equipped with multiple antennas. Reference 

[22] introduced an HSTR scenario supported by reconfigurable intelligent surfaces (RIS). Unlike the 

conventional relaying approaches in which relay nodes actively process signals, RIS-based relaying 

models utilize intelligent reflective elements to direct incoming wireless signals toward intended 
destinations in an optimized manner. In [23]-[24], the authors integrated Non-Orthogonal Multiple 

Access (NOMA) into the HSTR systems, enabling the satellite to simultaneously transmit different data 
to multiple ground users. In [23], the authors proposed and derived expressions of OP for the NOMA -

assisted HSTR systems. Reference [24] further considered the impact of direct communication links 

between the satellite and the ground NOMA users. The OP performance of the NOMA -based HSTR 

schemes operating in CR environments was evaluated in [25]. Reference [26] investigated both IP and 

OP performance for cognitive users in the NOMA -aided HSTR models. In [27], OP of multi-relay 

NOMA -based HSTR networks was also derived and validated. In contrast to the aforementioned 

studies, this paper considers the HSTR scheme that incorporates Fountain codes (FCs). 

Fountain codes (FCs) [28]-[29] have demonstrated effectiveness in wireless networks, thanks to their 

ease of implementation and ability to adapt to changing environmental conditions. Recently, several 

studies [30]-[34] have reported on the HSTR models employing FCs. In [30], the OP performance of 

the HSTR model employing FCs under the CCI condition was evaluated. Reference [31] studied the 

OP/IP trade-off of the FCs -based HSTR schemes employing the artificial jamming technique to reduce 

quality of the eavesdropping links. In [32], both NOMA and RIS were integrated into the FC-aided 

HSTR systems to improve secrecy rate throughput, with the presence of multiple eavesdroppers. The 

authors of [33] investigated OP of joint NOMA and FC-based HSTR scenarios incorporating two groups 

of ground users. Published works [34] studied the OP/IP trade-off for the NOMA -aided HSTR multicast 

schemes using FCs and a partial terrestrial station selection algorithm.  

To highlight the contribution of this work, Table 1 provides a comparative summary of representative 

FC-aided HSTR studies in terms of transmission scenario, interference modeling, performance metrics, 

and optimization capability. 

Table 1. Summary and comparison of related works. 

Ref. Transmission Scenario 
FC 

Used 

CCI at 

Relay 

CCI at 

Users 

Performance 

Metrics 

Time - Power 

Allocation 

[30] HSTR relaying (broadcast) ✓ 𝑋 ✓ OP, SOP 𝑋 

[31] STN with friendly jamming ✓ 𝑋 𝑋 OP, IP 𝑋 

[32] Multi-user HSTRN (NOMA + IRS) ✓ 𝑋 𝑋 OP, IP 𝑋 

[33] HSTR broadcast (NOMA-based) ✓ 𝑋 𝑋 OP, SOP 𝑋 

[34] HSTR multicast (NOMA + PRS) ✓ 𝑋 𝑋 OP, IP, SOP, SIP 𝑋 

Our 

work 
HSTR multicast with CCI ✓ ✓ ✓ OP, SOP ✓ 

As observed from Table 1, none of the existing studies jointly considers multicast transmission, dual 

CCI effects at both relay and users, and joint time-power allocation. More importantly, the interplay 

among these factors introduces several fundamental challenges beyond a straightforward combination 

of existing techniques. 
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Specifically, multicast transmission inherently couples the decoding performance of all users, making 

the system outage probability depending on the worst-channel condition, which significantly 

complicates the analysis compared to conventional unicast or broadcast scenarios. In addition, the 

presence of dual CCI at both the relay and user sides makes the end-to-end outage event jointly 

dependent on multiple transmission phases, thereby preventing the direct use of simplified independent-

link analysis commonly adopted in prior studies. Furthermore, the joint optimization of time and power 

allocation under multicast and interference-limited conditions results in a highly coupled and non-

convex problem, where the trade-off between reliability and interference mitigation becomes 

significantly more intricate. Therefore, the proposed framework should be regarded as a fundamentally 

new system model rather than a simple extension of existing works. 

Motivated by these research gaps, this paper investigates FC-aided HSTR schemes, where a satellite 

communicates with a group of ground users via a terrestrial relay station. Unlike [31]-[34], our proposed 

schemes take into account the impact of CCI on the OP performance. In contrast to [30], this study 

considers the effect of CCI on both the relay station and all ground users. Furthermore, two FC-aided 

HSTR schemes are considered; namely, the conventional forwarding scheme (ConV) and the proposed 

packet-accumulation-based scheme (ProP), to address the identified research gaps. Compared with the 
ConV scheme, the proposed ProP scheme improves transmission reliability by exploiting the packet-

accumulation property of FC. This design is particularly suitable for interference-limited or poor channel 

conditions, where packet-by-packet forwarding may become inefficient. For performance measurement, 

exact closed-form expressions of OP at each ground user and system outage probability (SOP) are 

derived for ConV and ProP. The accuracy of the analytical results is verified through computer 

simulations. Finally, a joint optimization problem involving time and power allocation is formulated 

and solved to enhance the SOP performance for the two considered schemes. 

The main contributions of this paper can be summarized as follows: 

 Development of an FC-aided HSTR multicast model under dual CCI affecting both relay and 

user nodes. 

 Design of a packet-accumulation-based ProP scheme, in which the relay collects sufficient 

Fountain-coded packets before forwarding to improve transmission reliability. 

 Derivation of exact closed-form expressions for the OP at each user and the SOP for both ConV 

and ProP schemes. 

 Joint optimization of time and power allocation to minimize SOP using an efficient GSS-based 

approach. 

The remainder of this article is organized as follows: Section 2 describes the system model of the 

proposed schemes. Section 3 derives OP and SOP of ConV and ProP. Section 4 provides Monte-Carlo 

simulations to validate the analytical formulae. Finally, Section 5 concludes the paper. 

2. SYSTEM MODEL 

Figure 1 presents the system model of the proposed FC-aided HSTRNs, with presence of 𝐾 interference 

sources. In particular, a satellite (S) tries to send the same data 𝑤s to 𝑀 ground users. Let us denote the 

ground users as U𝑚(𝑚 = 1,2,… ,𝑀) and the interference sources as I𝑘(𝑘 = 1,2,… ,𝐾). It is assumed 

that there is no direct link between S and U𝑚, as we consider a worstcase scenario in which ground users 

experience blockage, severe shadowing, or significant path loss (e.g., urban canyon environments, 

indoor users, or obstructed areas), which are commonly encountered in practice and render the satellite-

user link highly unreliable [13], [35]; therefore, the data transmission between S and U𝑚 is assisted by 

a terrestrial relay station ( R ). 

In the considered model, co-channel interference affects both decoding stages; namely the satellite-to-

relay reception and the relay-to-user reception. Specifically, the relay is interfered by the links Ik → R, 

while each user U𝑚 is interfered by the links Ik → Um. We consider a normalized two-slot transmission 

framework with fixed slot duration and assume perfect synchronization between the satellite and the 

relay, which is consistently applied to both the ConV and ProP schemes. 

Using FCs, S generates encoded packets (denoted as 𝑝S ) from the original data ( 𝑤S ), and these encoded 

packets are then transmitted from S to U𝑚 via the help of R , using the DF approach. In order to 

successfully recover the original data 𝑤S, U𝑚 needs to collect at least 𝐺min  encoded packets 𝑝S, where 
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𝐺min  represents the minimum number of packets required for FC decoding and is typically given by 

𝐺min = 𝑃(1 + 𝜀). Here, 𝑃 denotes the number of source packets and 𝜀 is the small FC overhead that 

ensures reliable recovery (generally ∈ [0.02,0.1] ) [29]-[31]. In addition, the satellite is allowed to 

transmit at most 𝑁max  encoded packets due to the delay constraints of the HSTR system. Since 

successful decoding is impossible if fewer than 𝐺min  packets are transmitted, the condition 𝑁max ≥ 𝐺min  

must always hold to guarantee recoverability at R and all ground users. These definitions help clarify 

the FC parameter selection used in the proposed multicast schemes. All nodes S, R, U𝑚 and I𝑘 are 

assumed to be equipped with a single antenna. This simplified model facilitates tractable analysis while 

still capturing the essential behavior of the considered system. Extensions to multiantenna scenarios will 

be investigated in future work. 

 

Figure 1. The proposed FC-aided HSTRs. 

Let 𝑔AB  denote channel gain of the A → B channels, where A and B are a transmitter and a receiver, 

respectively, (A, B) ∈ {S,R, U𝑚 , I𝑘},𝑚 = 1,2,… , 𝑀, 𝑘 = 1,2,… , 𝐾. Assume that all A → B channels are 

block and flat fading, meaning that 𝑔AB  does not change during each transmission of 𝑝S, but varies 

independently after each transmission of 𝑝S. 

For the S → R link, the channel gain 𝑔SR  which experiences a Shadowed-Rician distribution has the 

following PDF (see [30]-[31]): 

𝑓𝛾SR(𝑥) =
1

2𝑏SR
(

2𝑎SR𝑏SR

2𝑎SR𝑏SR + ΩSR
)

𝑎SR

exp⁡(−
𝑥

2𝑏SR
) ⁡1𝐹1 (𝑎SR; 1;

ΩSR𝑥

2𝑏SR(2𝑎SR𝑏SR +ΩSR)
) , (1) 

where 2𝑏SR and ΩSR indicate the mean values of the multi-path and Line of Sight (LOS) components, 

respectively, 𝑎SR is a fading parameter, and ⁡1𝐹1(. ; . ;.) is a confluent hypergeometric function of the 

first kind [30]-[31]. 

Using [34], CDF of 𝑔SR  can be expressed under the following form: 

𝐹𝛾SR(𝑥) ⁡= 1 − 𝛼SR
𝑎SR𝜓SR ∑  

𝑎SR−1

𝑛SR=0

  ∑  

𝑛SR

𝑞SR=0

 
(𝑛SR)!

(𝑞SR)!

𝜉SR(𝑛SR)

(𝜓SR − 𝛽SR)𝑛SR−𝑞SR+1
𝑥𝑞SRexp⁡(−(𝜓SR − 𝛽SR)𝑥)

⁡= 1 − ∑  

𝑎SR−1

𝑛SR=0
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𝑛SR

𝑞SR=0

 Ψ0𝑥
𝑞SRexp⁡(−(𝜓SR − 𝛽SR)𝑥), (2)

 

where ( 𝑛ST ) is Pochhammer function [34], and 

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡𝜓SR =
1

2𝑏SR
, 𝛼SR = (

2𝑎SR𝑏SR

2𝑎SR𝑏SR +ΩSR
)

𝑎SR

, 𝛽SR = (
ΩSR

2𝑏SR(2𝑎SR𝑏SR +ΩSR)
), 

𝜉SR(𝑛SR) =
(−1)𝑛SR(1− 𝑎SR)𝛽SR

𝑛SR
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For the R → U𝑚, I𝑘 → R and I𝑘 → U𝑚  links, all these channels are assumed to be Rayleigh fading. 

Hence, 𝑔RU𝑚 ,𝑔I𝑘R and 𝑔I𝑘U𝑚  experience exponential distributions, and their PDFs can be written, 

respectively, as [36]: 

𝑓𝑔RU𝑚(𝑥) = 𝜆RU𝑚exp⁡(−𝜆RU𝑚𝑥),𝑓𝑔tRR(𝑥) = 𝜆I𝑘Rexp⁡(−𝜆I𝑘R𝑥), 𝑓𝑔I𝑘U𝑚
(𝑥) = 𝜆I𝑘U𝑚exp⁡(−𝜆I𝑘U𝑚𝑥), (4) 

where 𝜆RU𝑚 , 𝜆I𝑘R and 𝜆I𝑘R𝑚  are fading parameters of the R → U𝑚, I𝑘 → R and I𝑘 → U𝑚 links, 

respectively [1]. 

As explained in [37], for ease of presentation and analytical tractability, the channel coefficients 

𝑔RU𝑚 ,𝑔I𝑘R and 𝑔I𝑘U𝑚 can be assumed to be independent and identically distributed (i.i.d.). Similarly, 

all interference sources are assumed to have identical transmit power and experience i.i.d. Rayleigh 

fading, which enables the aggregate interference to be modelled in a tractable form [38]. Accordingly, 

the large-scale fading parameters satisfy 𝜆RU𝑚 = 𝜆RU(∀𝑚), 𝜆I𝑘R = 𝜆IR(∀𝑘) and 𝜆I𝑘U𝑚 = 𝜆IU(∀𝑘, 𝑚). 

This common assumption allows the decoding events to maintain a binomial structure and enables 

closed-form derivations in the subsequent analysis. Therefore, we can rewrite (4) under the following 

forms: 

𝑓𝑔RU𝑚 (𝑥) = 𝜆RUexp⁡
(−𝜆RU𝑥), 𝑓𝑔IRR

(𝑥) = 𝜆IRexp⁡(−𝜆IR𝑥),𝑓𝑔I𝑘U𝑚
(𝑥) = 𝜆IUexp⁡(−𝜆IU𝑥) (5) 

From (5), the corresponding CDFs can be obtained, respectively, as: 

𝐹𝑔RU𝑚(𝑥) = 1 − exp⁡
(−𝜆RU𝑥),𝐹𝑔𝐼𝑘R

(𝑥) = 1 − exp⁡(−𝜆IR𝑥), 𝐹𝑔𝐼𝑘U𝑚
(𝑥) = 1 − exp⁡(−𝜆IU𝑥) (6) 

Next, the operational principles of the conventional FC-aided HSTRNs (ConV) and the proposed FC-

aided HSTRNs (ProP) are described in detail. 

2.1 The ConV Scheme 

In the ConV scheme, the relay station R forwards each encoded packet 𝑝S to the ground users, without 

storing any 𝑝S in its buffer. In particular, at the first time slot, S transmits 𝑝S to R, and the instantaneous 

SNR obtained at R can be given as [39]: 

𝜓SR
ConV =

𝑃S𝑔SR
∑  𝐾
𝑘=1  𝑃I𝑔I𝑘R + 𝜎0

2 =
ΔS𝑔SR

∑  𝐾
𝑘=1  ΔI𝑔I𝑘R + 1

, (7) 

where 𝑃S and 𝑃I are transmit power of the satellite S and all interference sources, respectively, 𝜎0
2 is 

variance of Gaussian noises at all receivers B, ΔS = 𝑃S/𝜎0
2 and ΔI = 𝑃I/𝜎0

2 denotes transmit SNRs. 

If R decodes 𝑝S successfully, it sends 𝑝S to all the ground users at the second time slot, using the DF 

approach. The instantaneous SNR of the R → U𝑚  link can be given as: 

𝜓RU𝑚
ConV =

𝑃R𝑔RU𝑚
∑  𝐾
𝑘=1  𝑃I𝑔I𝑘U𝑚 + 𝜎0

2 =
ΔR𝑔RU𝑚

∑  𝐾
𝑘=1  ΔI𝑔I𝑘U𝑚 + 1

, (8) 

where 𝑃R is transmit power of R , and ΔR = 𝑃R/𝜎0
2. 

We now consider the time allocation between the first and second time slots in the ConV scheme. 

Assume that the total duration for the S → R → U transmission is 01-time unit. Let the time allocated to 

the first and second time slots be 𝜏ConV  and 1 − 𝜏ConV , respectively, where 0 < 𝜏ConV < 1. Therefore, 

we can formulate the instantaneous channel capacity of the S → R and R → U𝑚  links, respectively, as: 

𝐶SR
ConV = 𝜏ConV log2(1 + 𝜓SR

ConV), 

⁡
𝐶RU𝑚
ConV⁡= (1 − 𝜏ConV) log2(1 + 𝜓𝑅𝑈𝑚

𝐶𝑜𝑛𝑉)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(9)
 

2.2 The ProP Scheme 

Similar to the ConV scheme, S sends 𝑝S to R at the first time slot, and the instantaneous SNR obtained 

at R can be given, similarly, as (7): 

𝜓SR
ProP =

ΔS𝑔SR
∑  𝐾
𝑘=1  ΔI𝑔I𝑘R + 1

, (10) 
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Let 𝜏ProP  and 1 − 𝜏ProP  denote the time allocated to the first and second time slots in the ProP scheme, 

where 0 < 𝜏ProP < 1. Then, the instantaneous channel capacity of the S → R link can be given as: 

𝐶SR
PrOP = 𝜏ProPlog2⁡(1+ 𝜓SR

PrOP) (11) 

If the decoding at R is successful, R sends 𝑝S to all the ground users at the second time slot. Then, the 

instantaneous SNR of the R → U𝑚  link can be given, similarly, as (8): 

𝜓RU𝑚
ProPPr =

ΔR𝑔RU𝑚
∑  𝐾
𝑘=1  ΔI𝑔I𝑘U𝑚 + 1

. (12) 

Then, the instantaneous channel capacity of the R → U𝑚  link can be expressed as: 

𝐶RU𝑚
ProP,Case 1  = (1 − 𝜏ProP )log2⁡(1+ 𝜓RU𝑚

ProP). (13) 

As mentioned, the relay station in ProP stores in its buffers the encoded packets which are correctly 

decoded. When the number of packets 𝑝S correctly obtained at R equals 𝐺min , it can recover the original 

data. Moreover, R will replace S to transmit encoded packets to the ground users. After this point, the 

relay switches to the transmission phase and forwards encoded packets to the ground users. Due to the 

half-duplex constraint, the relay no longer attempts to receive additional packets from the satellite once 

it starts forwarding. Meanwhile, the satellite may continue transmitting up to 𝑁max , as limited by the 

system delay constraint. In addition, the packets transmitted by the relay are generated based on the 

recovered source data using Fountain coding, allowing the users to accumulate sufficient packets for 

successful decoding. In this case, the instantaneous channel capacity of the R → U𝑚  link can be 

calculated as: 

𝐶RU𝑚
ProP,Case 2 = log2⁡(1 + 𝜓RU𝑚

ProP ) (14) 

Remark 1: The absence of a direct satellite-user link in the considered model represents a worst-case 

scenario commonly adopted in hybrid satellite-terrestrial networks. If a weak direct link is present, its 

contribution can be incorporated as an additional SINR component without altering the structure of the 

proposed ProP scheme. In this case, both 𝑂𝑃 and 𝑆𝑂𝑃 are expected to improve due to additional 

diversity, while the relative performance gain of ProP over the conventional scheme remains intact. 

3. PERFORMANCE ANALYSIS 

This section derives exact closed-form expressions of OP and SOP for the ConV and ProP schemes. At 

first, we evaluate the decoding probability of one encoded packet 𝑝S. 

3.1 Decoding of the Packet 𝒑𝐒 

It is worth noting that one packet 𝑝S is successfully transmitted to U𝑚 if both S → R and R → U𝑚  

transmissions are successful. 

Indeed, considering the transmission of 𝑝s at the first time slot in the ConV scheme; from (7) and (9), 

the probability of the correct decoding of 𝑝S at R can be formulated as: 

𝜃SR
ConV = Pr(𝐶SR

ConV ≥ 𝐶1,th) = Pr(𝜓SR
ConV ≥ 𝜓1,th

ConV) = Pr(𝑔SR ≥
ΔI𝜓1,th

ConV

ΔS
∑ 

𝐾

𝑘=1

 𝑔I𝑘R +
𝜓1,th
ConV

ΔS
) 

= Pr(𝑔SR ≥ 𝜌1,th
ConV𝑍R,Sum + 𝜌2,th

ConV)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(15) 

where 𝐶1, th  is a target rate of the first link between S and R, 𝑍R, Sum = ∑  𝐾
𝑘=1 𝑔I𝑘R, and 

𝜓1,th
ConV = 2

𝐶1,th
𝜏ConV − 1, 𝜌1,th

ConV =
ΔI𝜓1,th

ConV

ΔS
, 𝜌2,th
ConV =

𝜓1,th
ConV

ΔS
(16) 

Since 𝑍R, Sum  is a summation of 𝐾 exponential random variables, using [40, eq. (B.9)], we obtain PDF 

of 𝑍R,Sum  as: 

𝑓𝑍R, Sum 
(𝑥) =

(𝜆IR)
𝐾𝑥𝐾−1exp⁡(−𝜆IR𝑥)

(𝐾 − 1)!
(17) 
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Next, we can express 𝜃SR
ConV in (15) under the following form: 

𝜃SR
ConV = ∫  

+∞

0
 (1 − 𝐹𝑔SR(𝜌1,th

ConV𝑥 + 𝜌2,th
ConV)) 𝑓𝑍R,Sum(𝑥)𝑑𝑥 (18) 

From (2), we can express 𝐹𝑔SR(𝜌1,th
ConV𝑥 + 𝜌2,th

ConV) under the following form: 

𝐹𝛾SR(𝜌1,th
ConV𝑥 + 𝜌2,th

ConV) = 1 − ∑  

𝑎SR−1

𝑛SR=0

  ∑  

𝑛SR

𝑞SR=0

 Ψ1
ConV(𝑥 + 𝜌3,th

ConV)
𝑞SRexp⁡(−𝜌4,th

ConV𝑥) 

= 1 − ∑  

𝑎SR−1

𝑛SR=0

  ∑  

𝑛SR

𝑞SR=0

  ∑  

𝑞SR

𝑡SR=0

 Ψ1
ConV (

𝑞SR

𝑡SR
) (𝜌3,th

ConV)
𝑡SR𝑥𝑞SR−𝑡SRexp⁡(−𝜌4,th

ConV𝑥) 

= 1 − ∑  

𝑎SR−1

𝑛SR=0

  ∑  

𝑛SR

𝑞SR=0

  ∑  

𝑞SR

𝑡SR=0

 Ψ2
ConV𝑥𝑞SR−𝑡SR exp(−𝜌4,th

ConV𝑥),⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(19) 

where 

𝜌3,th
ConV =

𝜌2,th
ConV

𝜌1,th
ConV , 𝜌4,th

ConV = (𝜓SR − 𝛽SR)𝜌1,th
ConV, (

𝑞SR

𝑡SR
) =

(𝑞SR)!

(𝑡SR)! (𝑞SR − 𝑡SR)!

Ψ1
ConV = Ψ0(𝜌1,th

ConV)
𝑞SRexp⁡(−(𝜓SR − 𝛽SR)𝜌2,th

ConV),Ψ2
ConV = (

𝑞SR

𝑡SR
) (𝜌3,th

ConV)
𝑡SRΨ1. (20)

 

Substituting (17) and (19) into (18), after some manipulations, we obtain an exact closed-form 

expression of 𝜃SR
ConV as: 

𝜃SR
ConV = ∑  

𝑎SR−1

𝑛SR=0

  ∑  

𝑛SR

𝑞SR=0

  ∑  

𝑞SR

𝑡SR=0

 
(𝜆IR)

𝐾Ψ2

(𝐾 − 1)!
∫  
+∞

0
 𝑥𝐾+𝑞SR−𝑡SR−1exp⁡(−(𝜌4,th

ConV + 𝜆IR)𝑥)𝑑𝑥 

⁡

⁡= ∑  

𝑎SR−1

𝑛SR=0

  ∑  

𝑛SR

𝑞SR=0

  ∑  

𝑞SR

𝑡SR=0

 
(𝐾 + 𝑞SR − 𝑡SR − 1)!

(𝐾 − 1)!

(𝜆IR)
𝐾Ψ2

ConV

(𝜆IR + 𝜌4,th
ConV)

𝐾+𝑞SR−𝑡SR
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(21)

 

Considering the transmission at the second time slot in the ConV scheme; the probability of the 

successful decoding of one encoded packet 𝑝S at U𝑚 can be formulated by using (8) and (9) as: 

𝜃RU𝑚
ConV = Pr(𝐶RU𝑚

ConV ≥ 𝐶2,th) = Pr(𝜓RU𝑚
ConV ≥ 𝜓2,th

ConV) = Pr(𝑔RU𝑚 ≥
ΔI𝜓2,th

ConV

ΔR
∑  

𝐾

𝑘=1

 𝑔I𝑘U𝑚 +
𝜓2,th
ConV

ΔR
) 

= Pr(𝑔RU𝑚 ≥ 𝜔1,th
ConV𝑍U𝑚,Sum +𝜔2,th

ConV)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(22) 

where 𝐶2,th is a target rate of the R → U𝑚  link, 𝑍U𝑚,Sum = ∑  𝐾
𝑘=1 𝑔I𝑘U𝑚, and 

𝜓2,th
ConV = 2

𝐶2,th
1−𝜏ConV − 1,𝜔1,th

ConV =
ΔI𝜓2,th

ConV

ΔR
, 𝜔2,th

ConV =
𝜓2,th
ConV

ΔR
. (23) 

Similar to (17), PDF of 𝑍U𝑚, Sum  can be expressed as: 

𝑓𝑍U𝑚, Sum 
(𝑥) =

(𝜆IU)
𝑀𝑥𝑀−1exp⁡(−𝜆IU𝑥)

(𝑀 − 1)!
(24) 

Substituting (6) and (24) into (22), after some manipulations, we obtain an exact closed-form expression 

of 𝜃RU𝑚
ConV as: 

𝜃RU𝑚
ConV = ∫  

+∞

0

  [1 − 𝐹𝑔RU𝑚
(𝜔1,th

ConV𝑥 + 𝜔2,th
ConV)]𝑓𝑍U𝑚,Sum

(𝑥)𝑑𝑥 

=
(𝜆IU)

𝑀

(𝑀 − 1)!
exp(−𝜆RU𝜔2,th

ConV)∫  
+∞

0
 𝑥𝑀−1exp(−(𝜆IU + 𝜆RU𝜔1,th

ConV)𝑥)𝑑𝑥 

= (
𝜆IU

𝜆IU + 𝜆RU𝜔1,th
ConV

)

𝑀

exp(−𝜆𝑅𝑈𝜔2,𝑡ℎ
𝐶𝑜𝑛𝑉)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(25) 
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Then, the probability of the successful decoding of one packet 𝑝S at U𝑚 in the ConV scheme is computed 

as: 

𝜃U𝑚
ConV = 𝜃SR

ConV𝜃RU𝑚
ConV (26) 

Considering the ProP scheme; the probability that one packet 𝑝S is decoded correctly by the user U𝑚 

can be calculated in two cases as follows: Case 1: 𝑝S is sent to U𝑚 via the S → R → U𝑚 link; Case 2: 𝑝S 

is directly transmitted from R to U𝑚. 

Case 1: 𝒑𝐒 is sent to 𝐔𝒎 via the 𝐒 → 𝐑 → 𝐔𝒎 link 

Similar to (21) and (24), the probability that one packet 𝑝S is decoded correctly at the S → R and R →
U𝑚 links can be given, respectively, as: 

𝜃SR
ProP = ∑  

𝑎SR−1

𝑛SR=0

  ∑  

𝑛SR

𝑞SR=0

  ∑  

𝑞SR

𝑡SR=0

 
(𝐾 + 𝑞SR − 𝑡SR − 1)!

(𝐾 − 1)!

(𝜆IR)
𝐾Ψ2

ProP

(𝜆IR + 𝜌4,th
ProP)

𝐾+𝑞SR−𝑡SR
, (27)

𝜃RU
ProP, Case 1 = (

𝜆IU

𝜆IU + 𝜆RU𝜔1,th
ProP

)

𝑀

exp⁡(−𝜆RU𝜔2,th
ProP ), (28)

 

where 

𝜓1,th
ProP = 2

𝐶1,th
𝜏ProP − 1, 𝜌1,th

ProP =
ΔI𝜓1,th

ProP

ΔS
, 𝜌2,th
ProP =

𝜓1,th
ProP

ΔS
, 𝜌3,th
ProP =

𝜌2,th
ProP

𝜌1,th
ProP

, 𝜌4,th
ProP = (𝜓SR − 𝛽SR)𝜌1,th

ProP, 

Ψ1
ProP = Ψ0(𝜌1,th

ProP)
𝑞SR exp(−(𝜓SR − 𝛽SR)𝜌2,th

ProP) ,Ψ2
ProP = (

𝑞SR

𝑡SR
) (𝜌3,th

ProP)
𝑡SRΨ1

ProP, 

𝜓2,th
ProP = 2

𝐶2,th
1−𝜏ConV − 1,𝜔1,th

ProP =
ΔI𝜓2,th

ProP

ΔR
, 𝜔2,th

ProP =
𝜓2,th
ProP

ΔR
,⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(29) 

Case 2: 𝒑𝐒 is directly transmitted from R to 𝐔𝒎 

In this case, using (14) instead of (13) for Case 2, we can obtain the probability that 𝑝S is successfully 

transmitted from R to U𝑚 as 

𝜃RU𝑚
ProP,Case2 = (

𝜆IU

𝜆IU + 𝜆RU𝜔3,th
ProP

)

𝑀

exp⁡(−𝜆RU𝜔4,th
ProP), (30) 

where 

𝜓3,th
PrOP = 2𝐶2,th − 1,𝜔3,th

ProP =
ΔI𝜓3,th

ProP

ΔR
, 𝜔4,th

PrOP =
𝜓3,th
ProP

ΔR
(31) 

3.2 Outage Probability (OP) at Each User 

Considering the ConV scheme; let denote 𝐿𝑚
ConV as the number of 𝑝S that is correctly received at U𝑚. If 

𝐿𝑚
ConV < 𝐺min , U𝑚 cannot reconstruct the original data of the satellite. Hence, OP at U𝑚 in ConV can be 

expressed by an exact closed-form expression as: 

OP𝑚
ConV = 1 − ∑  

𝑁max

𝑇S=𝐺min

 Pr(𝐿𝑅
ConV = 𝐺min, 𝑇S)Pr(𝐿𝑚

ConV ≥ 𝐺min ∣ 𝑇S) 

= ∑  

𝐺min−1

𝐿𝑚
ConV=0

 (
𝑁max

𝐿𝑚
ConV) (𝜃U𝑚

ConV)
𝐿𝑚
ConV

(1− 𝜃U𝑚
ConV)

𝑁max−𝐿𝑚
ConV

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(32) 

where (1 − 𝜃U𝑚
ConV ) is the probability that 𝑝S cannot be successfully reached to U𝑚. 

For the ProP scheme; we consider the probability that the user U𝑚 can successfully recover the original 

data of the satellite. Indeed, if we denote 𝐿𝑚
ProP  as the number of 𝑝S that is correctly received at U𝑚, then 

𝐿𝑚
ProP ≥ 𝐺min . It is worth noting that if 𝐿R

ProP denotes the number of 𝑝S being correctly received at R, 

then 𝐿R
ProP  must be equal to 𝐺min . It is because if 𝐿R

ProP < 𝐺min , then 𝐿𝑚
ProP < 𝐿R

ProP < 𝐺min , and U𝑚 is 
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then in outage. Then, let us denote 𝑇S as the number of transmission times of the satellite until the station 

R collects enough 𝐺min  encoded packets 𝑝S, where 𝐺min ≤ 𝑇S ≤ 𝑁max . Therefore, the number of 

transmission times of R in Case 2 is given as 𝑇R = 𝑁max − 𝑇S. We also denote 𝐿𝑚, Casel 
ProP  as the number 

of 𝑝S that is correctly received at U𝑚 in Case 1, where 0 ≤ 𝐿𝑚, Casel 
ProP ≤ 𝑇S. Finally, the successful 

reconstruction of the original data at U𝑚 in ProP can be formulated as: 

OP𝑚
ProP 

= 1 −∑  𝑁max 
𝑇S=𝐺min 

 Pr(𝐿𝑅
ProP = 𝐺min , 𝑇S)Pr(𝐿𝑚, Case1 

ProP + 𝐿𝑚, Case 2 
ProP ≥ 𝐺min ∣ 𝑇S).⁡⁡⁡⁡⁡⁡⁡⁡⁡(33)  

In (33), Pr(𝐿R
ProP = 𝐺min , 𝑇S) = (

𝑇S−1
𝐺min −1

) (𝜃SR
ProP )

𝐺min (1 − 𝜃SR
ProP )

𝑇S−𝐺min 
 is the probability that R 

collects enough 𝐺min  encoded packets 𝑝S after 𝑇S transmission times of S. It is worth noting that the 

transmission between S and R at the 𝑇S-th transmission must be successful, and R must correctly receive 

𝐺min − 1 packets 𝑝S previously. 

⁡(
𝐺min 

𝐿𝑚, Case 1 
ProP ) (𝜃RU𝑚

ProP,Case 1 )
𝐿𝑚, Casel 

Prop 

(1 − 𝜃RU𝑚
ProP,Case 1 )

𝐺min −𝐿𝑚, Casel 
ProP 

 is the probability that U𝑚 correctly 

receives 𝐿𝑚, Casel 
ProP  packets 𝑝S in Case 1 , and OP𝑚

ProP (
𝑁max −𝑇S
𝐿𝑚, Case1 

ProP ) (𝜃RU𝑚
ProP,Case 2 )

𝐿𝑚, Case2 
ProP 

(1 −

𝜃RU𝑚
ProP,Case 2 

)
𝑁max −𝑇S−𝐿𝑚, Case 2 

Prop 

 is the probability that U𝑚 correctly receives 𝐿𝑚, Case2 
ProP  packets 𝑝S in Case 

2. Then, OP at U𝑚 in ProP is obtained as: 

OP𝑚
ProP = 1 − OP𝑚

ProP
(34) 

Remark 2: Since the R → U and I → U links are independent and identical, it is straightforward that OP 

at all the users in the considered schemes is the same, i.e., we can write OP𝑚
ConV = OPConV and OP𝑚

ProP =
OPProP for ∀𝑚. 

3.3 System Outage Probability (SOP) 

Firstly, SOPX is defined as the probability that one of the users in the X scheme experiences an outage, 

where X ∈ {ConV, ProP}. To obtain SOPX, we have to consider the probability that all the users can 

successfully recover the original data of the satellite, i.e., SOPX = 1 − SOPX. 

Considering the ConV scheme; let us denote 𝐿R
ConV as the number of 𝑝S that is correctly received by the 

station R after the transmission ends. In order that all the users can collect at least 𝐺min  packets 𝑝S, we 

have 𝐺min ≤ 𝐿R
ConV ≤ 𝑁max . Then, SOPConV  can be computed as: 

SOPConV = 1 − ∑  

𝑁max 

𝐿R
ConV =𝐺min 

 Pr(𝐿R
ConV = 𝐿𝑅)Pr(𝐿𝑚

ConV ≥ 𝐺min , ∀𝑚 ∣ 𝐿R
ConV = 𝐿𝑅) 

= ∑  

𝑁max

𝐿R
ConV=𝐺min 

 

{
 
 

 
 (

𝑁max

𝐿R
ConV) (𝜃SR

ConV)
𝐿R
ConV

(1− 𝜃SR
ConV)

𝑁max−𝐿R
ConV

×∏  

𝑀

𝑚=1

  [ ∑  

𝐿R
ConV

𝐿𝑚
ConV=𝐺min

 (
𝐿𝑚
ConV

𝐿R
ConV)(𝜃RU

ConV)
𝐿𝑚
ConV

(1− 𝜃RU
ConV)

𝐿R
ConV−𝐿𝑚

ConV

]}

}
 
 

 
 

⁡⁡⁡⁡⁡⁡(35) 

In (35), Pr(𝐿𝑚
ConV ≥ 𝐺min, ∀𝑚 ∣ 𝐿R

ConV = 𝐿𝑅) = ∑  
𝐿R
ConV

𝐿𝑚
ConV=𝐺min

(
𝐿𝑚
ConV

𝐿R
ConV) (𝜃RU𝑚

ConV)
𝐿𝑚
ConV

(1 − 𝜃RU𝑚
ConV)

𝐿R
ConV

−

𝐿𝑚
ConV ⁡ is the probability that U𝑚 can successfully receive at least 𝐺min  encoded packets. 

Considering the ProP scheme; using (33), we can obtain SOPProP  as: 

SOPProP = 1 − ∑  

𝑁max 

𝑇S=𝐺min 

 Pr(𝐿R
ProP = 𝐺min , 𝑇𝑆)∏  

𝑀

𝑚=1

 Pr(𝐿𝑚, Case1 
ProP + 𝐿𝑚, Case 2 

ProP ≥ 𝐺min , ∀𝑚 ∣ 𝑇𝑆)⁡⁡⁡⁡⁡⁡⁡(36) 

Finally, SOP of the ConV and ProP schemes can be obtained, respectively, as: 

SOPConV = 1 − SOPConV, SOPProP = 1 − SOPProP. (37) 
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Remark 3: It is worth emphasizing that the proposed FC-assisted HSTR framework fundamentally 

differs from non-FC schemes. While non-FC approaches typically define OP/SOP based on 

instantaneous SINR constraints at the symbol level, the FC-assisted scheme evaluates OP/SOP through 

packet-level decoding conditions governed by 𝐺min  and 𝑁max . This packet accumulation mechanism 

allows successful decoding as long as a sufficient number of packets is collected, thereby offering 

improved robustness against channel fading and co-channel interference. 

3.4 Joint Time and Power Allocation Problem 

Assume that the total transmit power of the S and R nodes is fixed such that 𝑃S + 𝑃R = 𝑃tot . Specifically, 

we examine the following power-allocation scheme: 𝑃S = 𝜇x𝑃tot , 𝑃R = (1 − 𝜇x)𝑃tot , where X ∈
{ConV, ProP} and 0 < 𝜇X < 1. Now, we consider the joint time and power allocation problem as 

Min0<𝜏x<1,0<𝜇x<1SOPX. (38) 

Regarding the convergence of the adopted Golden-Section Search (GSS) algorithm, it is well known 

that GSS is guaranteed to converge for any continuous unimodal (or quasi-unimodal) function over a 

compact interval. In our optimization problem, the SOP-based objective function in (38) is continuous 

with respect to 𝜇X and 𝜏X on the bounded domain ( 0,1 ), which satisfies the classical convergence 

conditions of GSS [41]. In addition, we have numerically verified in all simulation settings that the 

iterative values 𝜇𝑋
𝑛 and 𝜏𝑋

𝑛 converge monotonically toward their optimal solutions within a small number 

of iterations (typically fewer than 20). This numerical behavior is fully consistent with the theoretical 

contraction factor 𝜑−1 ≈ 0.618 of GSS.  

Moreover, the number of iterations is mainly determined by the stopping tolerance 𝛿 (commonly, 𝛿 =
10−4: 10−3 is selected), and the GSS procedure is not sensitive to the choice of initial values, since the 

search is performed over predefined feasible intervals. Therefore, a convergence figure is not required, 

and the algorithm's convergence is theoretically ensured and empirically confirmed [42]. It is worth 

noting that the proposed optimization operates over low-dimensional variables and does not scale 

combinatorially with the number of users. The computational complexity of the GSS-based method is 

logarithmic with respect to the desired accuracy, which ensures efficient convergence. Therefore, the 

proposed approach remains computationally efficient and practically feasible even in large-scale user 

scenarios. 

4. RESULTS 

This section presents Monte-Carlo simulations (Sim) to verify the exact closed-form expressions 

(Theory) of OP and SOP for the ConV and ProP schemes. The simulation parameters are selected based 

on commonly adopted settings in the literature [12], [14], [31], [34]. Unless otherwise stated, the 

simulation parameters are set as follows: the Shadowed-Rician parameters (𝑎SR, 𝑏SR, ΩSR) are 

(1,0.063,0.0007) or FHS and (5,0.251,0.279) for AS; the target rates are 𝐶1,th = 0.2, and 𝐶2,th = 0.1 

and the average channel gains are 𝜆RU = 1, 𝜆IR = 50 and 𝜆IU = 25. In addition, 𝐾 = 3, 𝐺min = 6, 𝜎0
2 =

1, and 𝑃I = 0.25𝑃tot , while the transmit SNR is defined as Δ = 𝑃tot /𝜎0
2. In Figure 2, we additionally 

include one example under the FHS condition with 𝑁max = 8 to illustrate the performance degradation 

caused by severe shadowing. For the remaining figures (Figs. 3-8), we present results only under the AS 

channel, since both AS and FHS exhibit the same OP and SOP variation trends, and including all FHS 

cases would not provide further analytical insight. Prior studies, such as [21], [23], have also confirmed 

that FHS yields consistently worse performance than AS due to harsher propagation conditions.  

In Figure 2, we present OP at each user in the ConV and ProP schemes as a function of transmit 

SNR(Δ = 𝑃tot /𝜎0
2) in dB when 𝜇ConV = 𝜇ProP = 0.5 and 𝜏ConV = 𝜏ProP = 0.5. At first, it is remined 

that OP at each user in the two considered schemes is the same. Next, we can observe that the OP 

performance of both ConV and ProP is better as Δ increases, since transmit power of the satellite and 

the relay station increases. However, as Δ → +∞, it can be seen that OP of both ConV and ProP reaches 

saturation values. It is because at high Δ regions, SINRs of the S → R and R → U𝑚 links do not depend 

on Δ. Indeed, with 𝑃S = 𝜇𝑃tot , 𝑃R = (1 − 𝜇)𝑃tot  and 𝑃I = 0.25𝑃tot , SINRs in (7), (8), (10) and (12) at 

high Δ can be approximated as follows: 
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𝜓SR
X ≈

Δ→+∞ 𝜇X𝑔SR
∑  𝐾
𝑘=1  0.25𝑔I𝑘R + 1

,𝜓RU𝑚
X ≈

Δ→+∞ (1 − 𝜇X)𝑔RU𝑚
∑  𝐾
𝑘=1  0.25𝑔I𝑘U𝑚 + 1

, (39) 

where X ∈ {Con𝑉, 𝑃𝑟𝑜𝑃}. 

Next, we can observe from Figure 2 that the OP performance of ConV and ProP is better as increasing 

𝑁max . It is due to the fact that with higher 𝑁max , the ground users have more opportunity to sufficiently 

collect encoded packets for the data recovery. It is worth noting from Figure 2 that when 𝑁max = 6, the 

performance of ConV and ProP is the same, because in this case 𝑁max = 𝐺min . On the other hand, when 

𝑁max = 7 and 8, the ProP scheme outperforms the ConV scheme. Furthermore, for the FHS condition 

with 𝑁max = 8, the OP variation of both schemes follows the same trend as in the AS case; however, 

due to the harsher propagation environment, the OP values under FHS are noticeably higher. It is also 

seen that as increasing 𝑁max , the performance gap between ConV and ProP also increases. It is noted 

that the effect of the Fountain coding overhead 𝜀 can be equivalently interpreted through 𝐺min = (1 +
𝜀)𝑃. For a fixed 𝐺min , increasing 𝑁max  relaxes the decoding constraint, leading to a reduction in OP 

[28], [34]. This reveals a trade-off between coding overhead and transmission constraint in Fountain-

coded systems. Finally, Figure 2 presents that the 'Sim' results validate the 'Theory' ones. 

 
Figure 2. OP at each user as a function of Δ(dB) when 𝜇ConV = 𝜇ProP = 0.5 and 

 𝜏ConV = 𝜏ProP = 0.5. 

Figure 3 presents OP at each user in ConV and ProP as a function of 𝜏ConV  and 𝜏ProP  when Δ = 20 dB 

and 𝑁max = 8. As we can see from Figure 3, 𝜏x(X ∈ {ConV, ProP}) significantly impacts the OP 

performance. Moreover, for each value of 𝜇X, there exists an optimal value of 𝜏X at which OP at each 

user in the X scheme is lowest. For example, with 𝜇ConV = 𝜇ProP = 0.9, OP at each user in ConV and 

ProP is minimized at 𝜏ConV = 0.3 and 𝜏ProP = 0.35, respectively. Figure 3 also illustrates that the OP 

performance of both ConV and ProP is almost best as 𝜇ConV = 𝜇ProP = 0.5. This is because when 𝜇ConV  

and 𝜇ProP  are very low ( 𝜇ConV = 𝜇ProP = 0.1 ), the transmit power of the satellite ( S ) is also very low. 

Conversely, when 𝜇ConV  and 𝜇ProP  are very high ( 𝜇ConV = 𝜇ProP = 0.9 ), the transmit power of the 

relay station ( R ) becomes very low. These conditions result in a high OP at each user. Finally, Figure 

3 again shows that ProP outperforms ConV, and the 'Sim' and 'Theory' results match very well. 

In Figure 4, we present SOP of the ConV and ProP schemes as a function of Δ(dB) when 𝜇ConV =
𝜇ProP = 0.5, 𝜏ConV = 𝜏ProP = 0.5, and 𝑁max = 8. Similar to the OP at each user, the SOP values 

decrease as Δ increases, and converge to the saturation values at high Δ regimes. It is also seen that the 

SOP of ProP is lower that that of ConV. Moreover, the SOP performance of ConV and ProP is worse 

with higher number of ground users (𝑀). Finally, it is worth noting that the 'Sim' results validate the 

'Theory' ones. 
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Figure 3. OP at each user as a function of 𝜏ConV (𝜏ProP ) when Δ = 20 dB and 𝑁max = 8. 

 
Figure 4. SOP as a function of Δ(dB) when 𝜇ConV = 𝜇ProP = 0.5, 𝜏ConV = 𝜏ProP = 0.5,  

and 𝑁max = 8. 

Figure 5 presents SOP of the ConV and ProP schemes as a function of 𝜏ConV (𝜏ProP ) when Δ =
20( dB), 𝜇ConV = 𝜇ProP = 0.65,⁡ and 𝑀 = 5. We can see that the SOP performance of both ConV and 

ProP is significantly better when 𝑁max increases from 7 to 8 . It is also observed that there exist optimal 

values of 𝜏ConV (𝜏ProP ) so that SOP of ConV (ProP) is lowest. For example, with 𝑁max = 7, SOP of 

ConV and ProP is lowest at 𝜏ConV = 0.4 and 𝜏ProP = 0.45, respectively. In addition, with 𝑁max =
8, SOP of ConV and ProP is lowest at 𝜏ConV = 0.45 and 𝜏ProP = 0.5, respectively. Similarly, the impact 

of 𝜀 on SOP is reflected through 𝐺min . A larger 𝐺min  requires more successfully received packets, 

whereas a larger 𝑁max  increases the decoding opportunity and hence reduces SOP. 

Figure 6 investigates the impact of 𝜇ConV (𝜇ProP ) on the SOP performance of ConV and ProP with Δ =
15( dB),𝑀 = 8,⁡ and 𝑁max = 9. As observed, there exist optimal values of 𝜇ConV  and 𝜇ProP , so that 

SOP of ConV and ProP is lowest. For ConV, we can observe that SOP is lowest when 𝜏ConV = 0.55 

and 𝜇ConV = 0.5, while ProP obtains the best performance when 𝜏ProP = 0.55 and 𝜇ProP = 0.55. 

From Figures 5 and 6, it is worth noting that the joint time and power allocation problem (see (42)) must 

be solved to determine the optimal values of the ( 𝜏x, 𝜇x ) pairs, where X ∈ {ConV, ProP}. To achieve 

this, the Golden-section search algorithm presented in [42] can be employed. 
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Figure 5. SOP as a function of 𝜏ConV (𝜏ProP ) when Δ = 20( dB), 𝜇ConV = 𝜇ProP = 0.65, and 𝑀 = 5. 

 
Figure 6. SOP as a function of 𝜇ConV (𝜇ProP ) when Δ = 15( dB),𝑀 = 8, and 𝑁max = 9. 

 
Figure 7. SOP as a function of Δ(dB) with optimal values of ( 𝜇X, 𝜏X  ) when 𝑀 = 5. 
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Table 2. Optimal values of ( 𝜇x, 𝜏x  ) in Figure 7 when 𝑁max = 7. 

Δ 15 dB 16 dB 17 dB 18 dB 19 dB 20 dB 21 dB 22 dB 23 dB 24 dB 25 dB 

𝜇ConV 
∗  0.485 0.482 0.479 0.476 0.474 0.471 0.469 0.467 0.465 0.464 0.462 

𝜏ConV 
∗  0.501 0.499 0.496 0.494 0.491 0.489 0.487 0.485 0.483 0.482 0.481 

𝜇ProP 
∗  0.488 0.485 0.482 0.479 0.477 0.474 0.472 0.470 0.468 0.466 0.464 

𝜏ProP 
∗  0.512 0.510 0.507 0.504 0.502 0.499 0.497 0.495 0.494 0.492 0.491 

Figure 7 presents SOP as a function of Δ in dB with various values of 𝑁max  and with 𝑀 = 5. In this 

figure, the ( 𝜇X, 𝜏X  ) pair is optimized according to equation (38). Indeed, Tables 2 and 3 present the 

optimal values of ( 𝜇X, 𝜏X ) in the case where 𝑁max = 7 and 𝑁max = 8, respectively. For example, in 

Table 2, with 𝑁max = 7 and Δ = 20 dB, SOP of the ConV and ProP schemes is lowest at 

(𝜇ConV , 𝜏ConV ) = (0.471,0.489) and (𝜇ProP , 𝜏ProP ) = (0.477,0.502). For another example, in Table 3, 

with 𝑁max = 8 and Δ = 20 dB, the optimal values of (𝜇X, 𝜏X) are given as follows: (𝜇ConV , 𝜏ConV ) =
(0.503,0.518) and (𝜇ProP , 𝜏ProP ) = (0.509,0.540). As seen from Figure 7, SOP of both ConV and ProP 

significantly decreases as increasing 𝑁max  and Δ. In addition, the performance gap between ConV and 

ProP also increases as 𝑁max increases from 7 to 8. 

Table 3. Optimal values of ( 𝜇X, 𝜏X  ) in Figure 7 when 𝑁max = 8. 

Δ 15 dB 16 dB 17 dB 17 dB 19 dB 20 dB 21 dB 22 dB 23 dB 24 dB 25 dB 

𝜇ConV 
∗  0.515 0.513 0.510 0.508 0.505 0.503 0.501 0.498 0.497 0.495 0.494 

𝜏ConV 
∗  0.529 0.527 0.525 0.522 0.520 0.518 0.516 0.514 0.512 0.511 0.509 

𝜇ProP 
∗  0.522 0.520 0.517 0.514 0.512 0.509 0.507 0.504 0.502 0.501 0.499 

𝜏ProP 
∗  0.551 0.549 0.547 0.544 0.542 0.540 0.537 0.536 0.534 0.533 0.531 

 

 
Figure 8. SOP as a function of 𝑀 when Δ = 15( dB). 

Figure 8 presents the SOP performance of the considered schemes as a function of the number of ground 

users ( 𝑀 ) with Δ = 15( dB) and with two cases: i) the optimal values of ( 𝜇X, 𝜏X  ); and (𝜇X, 𝜏X) =
(0.5,0.5). To simplify the presentation, the optimal values of the ( 𝜇X, 𝜏X  ) pairs in Figure 8 will not be 

presented. As seen from Figure 8, SOP of both ConV and ProP increases as 𝑀 increases. It is due to the 

fact that with higher number of ground users, the probability that at least one user experiences an outage, 

resulting in a higher SOP. Again, we can see that the SOP performance can be significantly enhanced 

by increasing 𝑁max = 8. In addition, ProP outperforms ConV, and the performance gap between ConV 

and ProP increases as increasing 𝑁max . 
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5. CONCLUSIONS 

In this paper, we derived exact closed-form expressions of OP and SOP for both ConV and ProP 

schemes. These expressions were validated through Monte-Carlo simulations. Based on the derived 

SOP, we conducted the joint time and power allocation. The results demonstrate that the proposed 

scheme (ProP) outperforms the conventional scheme (ConV), in terms of both OP and SOP. Moreover, 

the performance gap in SOP between the two schemes increases as the number of transmission times 

(𝑁max ) increases. The findings also indicate that the SOP performance of ConV and ProP can be further 

improved by optimizing the time and power allocation parameters and by increasing 𝑁max . However, it 

is important to note that increasing 𝑁max ⁡also leads to higher delay time and power consumption. 
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 ملخص البحث:

ندددددد هذه دددددد هدددددددقطهع لأهظددددددثهالعتهعّن ادددددد عهرنالأددددددثهع  دددددد هع لأ  دددددد  لهع     ددددددثه  دددددد هعرظلأدددددد هه

ددددددددد م رهعره)ددددددددد ثه   ددددددددد   ع هه دددددددددلأ ه  ددددددددد    ثه ع ر  (.ه ددددددددد هع لأ ا اددددددددد رهFountainع ص 

دددددد    ه ه دددددد نه   ن  دددددد ه  دددددد ه  لألأ ددددددثه دددددد هع لأ دددددد      ه ع لأ ه  ددددددثلهالدددددد  نهع  لأدددددد هع ص 

دددددددثه  لأادددددددثهاه)ددددددد ث.ه ددددددد هع لأ اددددددد هع      ددددددد  ه عره)ددددددد    ه لأ ددددددد    ه (له  دددددددلأ هConV لا 

دددددددثهع    لأادددددددثه   دددددددد ل ه لأ  ددددددد ه ددددددد ه   ددددددددثه   نددددددد ره  (ه  ددددددد هع لأ دددددددد      هFountain لا 

هع   رف  ه    ل هع   لأ   . هعره)    ه      ع ه    ثه ك 

ددددددد هع لأ  ددددددد  ه  دددددد ه ددددددد هع لأ ا  دددددددثهع    لأادددددددثه   ددددددد ا ه ددددددد  ه   نددددددد ره(لهPropPا      دددددددلأ ه لا 

 Fountainدددددد    ه ددددد ه ه دددددد نه ددددد    له   ددددددلأ ه  ددددد  هع  لأددددد هع ص  (هع لأ ددددد  لأثه ددددد هع  لأدددددد هع ص 

هFountain ددددد  ه   نددددد ره  ه ددددد    ددددد ه ددددد ل  له لأ  (ه  اددددد  ه  ددددد هع لأ ددددد      هعره)ددددد    ه لأ ددددد  
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   ددددددثهعن ادددددد عهع    ددددددثه  لأ ا ادددددد  هع لأددددددق لأها هعن ادددددد عهع ا  ظددددددثه  دددددد ه دددددد ه  دددددد    له  ل لأ
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دددد  هع لأ دددد    ث.ه دددد    ه  دددد ه  ددددكله ثهع ص ق ه  دددد عته ل  دددد  ه   ددددلأ  ثه    ل لددددده دددد هيددددل   ظدددد ه دددد  

ددددددةهيدددددد  رثه  ددددددأ ثه ردددددد   ثه     دددددد ه   صدددددد  هع لأظددددددةه ع ا  ظددددددثه  دددددد يه  ل دددددد  ها لعته لأ 
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